We study the convergence properties of a difference scheme for singularly perturbed Volterra integro-differential equations on a graded mesh. We show that the scheme is first-order convergent in the discrete maximum norm, independently of the perturbation parameter. Numerical experiments are presented, which are in agreement with the theoretical results. MSC: 45J05; 65R20; 65L11
http://www.advancesindifferenceequations.com/content/2014/1/171 which is a Volterra integral equation of the second kind. The singularly perturbed nature of (.) occurs when the properties of the solution with ε >  are incompatible with those when ε = . The interest here is in those problems which do imply such an incompatibility in the behavior of u in a neighborhood of t = . This suggests the existence of an initial layer near the origin where the solution undergoes a rapid transition.
A special class of singularly perturbed integro-differential-algebraic equations and singularly perturbed integro-differential systems has been solved by Kauthen [, ] by implicit Runge-Kutta methods. A survey of the existing literature on a singularly perturbed Volterra integral and integro-differential equations is given by Kauthen [] . The exponential scheme that has a fourth-order accuracy when the perturbation parameter ε is fixed is derived and a stability analysis of this scheme is discussed in [] . The numerical discretization of singularly perturbed Volterra integro-differential equations and Volterra integral equations by tension spline collocation methods in certain tension spline spaces are considered in [] . For the numerical solution of singularly perturbed Volterra integrodifferential equations, we have studied the following articles: [-].
Our goal is to construct an ε-numerical method for solving (.)-(.), by which we mean a numerical method which generates ε-uniformly convergent numerical approximations to the solution. For this, we use a finite difference scheme on an appropriate graded mesh which are dense in the initial layer. Graded meshes are dependent on ε and mesh points have to be condensed in a neighborhood of t =  in order to resolve the initial layer. In graded meshes, basically half of the mesh points are concentrated in a O(ε| ln ε|) neighborhood of the point t =  and the remaining half forms a uniform mesh on the rest of
In [] , the authors gave a uniformly convergent numerical method with respect to ε on a uniform mesh for the numerical solution of a linear singularly perturbed Volterra integro-differential equation. However, in this study, we will derive a uniformly convergent ε-numerical method on a graded mesh for the numerical solution of a nonlinear singularly perturbed Volterra integro-differential equation. This is the aspect of the problem of this paper that is different from [] and the others.
The outline of the paper is as follows: In Section , the properties of the problem (.), (.) are given. In Section , the difference scheme constructed on the non-uniform mesh for the numerical solution (.), (.) is presented and graded mesh is introduced. Stability and convergence of the difference scheme are investigated in Section  and error of the difference scheme is evaluated in Section . Finally numerical results are presented in Section .
Let us now introduce some notation. Let
be the non-uniform mesh on [, T]. For each i ≥  we set the step size h i = t i -t i- .
Here and throughout the paper we use the notation In our estimates, we use the maximum norm given by
For any discrete function v i , we also define the corresponding discrete norm by
Throughout the paper, C will denote a generic positive constant that is independent of ε and the mesh parameter.
The continuous problem
In this section, we study the behavior of the solution of (.)-(.) and its first derivative which are required for the analysis of the remainder term in the next sections when the error of the difference scheme is analyzed. 
Proof The analysis of the convergence properties of numerical method that will be obtained and the study of the behavior of the solution of (.)-(.) with its first derivative will necessarily involve the linearization of the given problem using the mean value theorem for several variables (see [] ). Hence, we obtain
where
We show the validity of (.). For the solution of the problem (.), we have
and from this we can write
Then, applying the Gronwall inequality to the last estimate, we obtain
which proves (.).
To prove (.), differentiating equation (.) we have
and
By using (.), we can obtain
It follows from (.) that
Obviously, if f (t, u) and K(t, s, u) has continuous partial derivatives in u, respectively, on
Hence, we can conclude that (.) is a direct consequence of (.), (.).
Discretization and mesh
To obtain an approximation for (.), we integrate (.) over (t i- , t i ):
Using the quadrature rules in [], we have
to the integral in (.), we obtain
It is clear from (.) and (.) that
where the remainder term is
Neglecting R i in (.), we may suggest the following difference scheme for approximating (.), (.):
For the difference scheme (.), (.) to be ε-uniform convergent, we will use a mesh that is graded inside the initial layer region. 
where h = (T -τ )/N . We only consider the graded mesh defined by (.)-(.) in the remainder of the paper.
Stability and convergence of the difference scheme
Lemma . Let the difference operator 
the solution of the difference initial value problem
U i = F i , i ≥ , U  = μ satisfies the estimate U ∞ ≤ |μ| + α - max ≤i≤N |F i |. (  .  ) http://www.advancesindifferenceequations.com/content/2014/1/171 (iii) If F i ≥  is nondecreasing and A i -B i ≥ α > , then |U i | ≤ |μ| + α - F i , i ≥ . (.) Proof See [].
Lemma . Under condition
for the difference operator
we have
Proof Difference expression (.) can be rewritten as
It is easy to see that
by (.), (.) follows in view of (.). Now we will show stability for the difference problem (.)-(.).
Lemma . Let the difference operator h U i be defined by (.). Then for the difference problem (.)-(.) we have
Proof From (.) we have
If we take into consideration that the kernel K(t, s, u) is bounded, it can be concluded that the estimate (.) holds.
Lemma . We assume that the condition (.) holds. Then for the solution of difference scheme (.)-(.), we have
Thus, from the inequality (.), we have the following difference inequality:
Using the discrete maximum principle, we have
where w i is the solution of the problem
In view of (.), it follows that
Then application of the difference analog of the differential inequality gives
which together with (.) proves (.).
Uniform error estimates
To investigate the convergence of the method, note that the error function
where R i is given by (.) and Proof The remainder term of the scheme (.) can be rewritten as
In view of Lemma ., for an arbitrary mesh, it follows from (.), (.), and (.) that
respectively, where
First, we consider the τ < T/ and estimate
by (.). Since
it follows from (.) that
It follows from (.) and (.) that
respectively. From (.), (.), and (.) for the region [, τ ] we get
, and
In view of the above discussion, we get
Similarly, it is clear that
Combining the estimates (.), (.), and (.) for the region [τ , T], we get
Now we consider the case τ = T/. In this case, T/ < -α - ε ln ε. Therefore, for t i ∈ [, τ ] with (.), we can obtain similar results to that obtained above.
It follows from (.), (.), and (.) that
respectively. When we combine the estimates (.), (.), and (.), we get 
If we apply Lemma . to (.)-(.), then we see the validity of the inequality (.).
Combining the two previous lemmas gives us the following main result. 
Numerical results
In this section, we test the performance of the difference problem (.), (.). It is clear that the difference problem (.), (.) is a nonlinear problem. When we solve such problems, nonlinear equations arise in each step. There are several methods for solving these kinds http://www.advancesindifferenceequations.com/content/2014/1/171 The obtained results show that the convergence rate of the difference scheme (.), (.) is essentially in accord with the theoretical analysis.
Conclusion
A nonlinear Volterra integro-differential equation was considered. We solved this equation by using a finite difference scheme on an appropriate graded mesh which is dense in the initial layer. We showed that the method shows uniform convergence with respect to the perturbation parameter for the numerical approximation of the solution. Numerical results which support the theoretical results were presented.
